Comatrix Corings and Galois Comodules over firm 

rings 



Galois corings with a group-like element jl] provide a neat framework to understand the 
analogies between several theories like the Faithfully Flat Descent for (noncommutative) 
ring extensions [2B], Hopf-Galois algebra extensions [27|, or noncommutative Galois algebra 
extensions j2Hl G2]. A Galois coring is isomorphic in a canonical way to the Sweedler's 
canonical coring A®b A associated to a ring extension B C A, where B is a subring of 
"coinvariants" . Canonical means here that the group-like of the Galois coring corresponds 
to the group-like of A®bA, where 1 denotes the unit element of the ring A. Canonical 

corings were used in to formulate a predual to the Jacobson-Bourbaki theorem for 
division rings. 

Comatrix corings were introduced in ^Bj to make out the structure of cosemisimple 
corings over an arbitrary ground ring A [TT)| Theorem 4.4]. The construction has been 
used in different "Galois-type" contexts, where no group-like element is available, as the 
characterization of corings having a projective generator ^Bl Theorem 3.2]; the tightly 
related non-commutative descent for modules [To^ Theorem 3. 2, Theorem 3.10], Theorem 
3.7, Theorem 3.8, Theorem 3.9], |2J 18.27]; the formulation of a predual to the Jacobson- 
Bourbaki correspondence for simple artinian rings ^3]; or the construction of a Brauer 
Group using corings jTTj. The original definition of a comatrix coring was built on a 
bimodule S over unital rings B and A such that is finitely generated and projective. 
This finiteness condition seems to be, at a first glance, essential to define comatrix corings 
and to introduce the notion of a Galois coring (see 0). Nevertheless, it was soon discovered 
[T7] that the concepts and results from [TBI §2, §3], including comatrix and Galois corings 
(or Galois comodules, as in [HIE]) and the Descent Theorem, can be developed for a functor 
from a small category to a category of finitely generated and projective modules. These 
"infinite" comatrix corings have been recently constructed in a more general functorial 
setting in [Tl] . 
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Introduction 



In this paper we recover the idea of focusing on a single bimodule, relaxing the condition 
on the existence of a unity in the rings. This allows the definition of a concept of comatrix 
coring which embodies all former constructions and, what is more interesting, leads to the 
formulation of a notion of Galois coring and the statement of a Faithfully Flat Descent 
Theorem that generalize the aforementioned previous versions. 

The paper is organized as follows. After fixing some basic notations and concepts in 
Section [H we state in Section |21 some adjunctions between categories of modules which will 
be used later. These adjunctions, and the construction of the comatrix coring in Section 
El start from a homomorphism of non unital rings l : R — > S, where R is a firm ring, and 
the ring S = £ ®a £' is built from two bimodules #£a and a^b over unital rings A, B, 
and a homomophism of A-bimodules \x : £'<8>b £ — > A. The "finite" comatrix corings from 
[TB] fit in this framework taking B = R and £' = £* = Hom^(£, A) since, in that case, 
S = End(E^) because £^ is assumed to be finitely generated and projective. In the present 
approach, this finiteness condition is replaced by the requirement on £ of being firm as a 
left i?-module. The new framework requires a different approach (including proofs) than 
that of [16] or even [T2|. As a counterweight for this technical effort, the range of situations 
covered is sensibly wider, as will be shown in sections El and El Thus, theorems 15 . II and 15 . 21 
improve the main results of [TT1 Section 5], and the equivalence between the categories of 
right £-comodules and of firm right modules over the ring with local units (*£) rat given in 
[21 H2] is deduced from our general results. 

Section H] contains the main results of the paper. Starting from an R — C-bicomodule 
E, where R is a firm ring, and £ is an A-coring, and assuming that #£ is firm, we prove 
that there is a canonical map can : E* ®# E — > £ defined on the comatrix coring E* ®# E, 
which is a homomorphism of A-corings (Proposition 14.3)1 . This canonical map allows to 
consider not necessarily finitely generated Galois comodules (Definition 14.7)1 . generalizing 
the former notions from [HIEIHE!- This definition of a Galois comodule, far from being 
merely a formal generalization, plays a central role in the formulation of a "Flat Descent 
Theory" for comodules, as stated in theorems 14.91 and 14.151 

1 Basic notation 

Let K be a commutative ring with unity. Our additive categories and our functors will be 
A-linear. The identity arrow at an object A of a category will be denoted by A. 

All bimodules over K are assumed to be centralized by K. The term ring refers to an 
associative ring, although we do not require to our rings to have a unity. All rings will be 
assumed to be A-rings, in the sense that they are (unital) A-bimodules, with a A-bilinear 
product. Rings with unity are then A-algebras. Modules over rings with unity are assumed 
to be unital. If A is a ring with unity, then by an A-ring we will understand an A-bimodule 
R endowed with an associative multiplication defined by an A-bimodule homomorphism 
V : R ®a R R. Associativity means here that V o (V ®a R) — V o (R ®^ V). 

Dually, an A-coring is an A-bimodule £ endowed with a coassociative comultiplication 
defined by a homomorphism of A-bimodules A : £ — » € <E> a £• Coassociativity means here 
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that (A ®^ <£) o A = (£ 0^ A) o A. Our corings will always have a counity, that is, an 
A-bimodule homomorphism e : <£ — > A such that (<£ ® a e) o A = (e <S> a £) ° A = £. We have 
made the identifications A®a£ — £ — £®aA, thought that the A-bimodules are assumed 
to be unital over A. We will use Heyneman-Sweedler notation for the comultiplication, 
namely, A(c) = cm <8u C( 2 ) (sum is understood) for c£ C. By Ai € we denote the category 
of right comodules over an A-coring £. A quick introduction to the basic properties of 
this category that we will need may be found in [21 J. A more comprehensive account is 
jH]. Heyneman-Sweedler notation for comodules reads p(m) = mm\ <8u m [i] for m m a right 
comodule^M with coaction p : M — *> M <g> a £• 

_ Let M.r denote the category of right modules over an associative ring R. The category 
M.r is a Grothendieck category, being limits and colimits already computed in the category 
Ab of abelian groups (the category M. R is in fact isomorphic to the category of unital right 
modules over a ring extension with unity defined in a straightforward way on the K— 
bimodule R © K). The tensor product functor — ®# R : M.r — > Ab is right exact. When 
this functor is exact, we say^that rR is flat. More generally, a left -R-module M is flat 
when the functor — ® R M : M. R — > Ab is exact. 
For every right i?-module M, let 

w M :M® R R *- M (m® R r^mr) (1) 

denote the "multiplication map", which is a homomorphism of right i?-modules. The 
product of R can be understood as vjr : R ®r R — > i?. It is a homomorphism of i2- 
bimodules. 

A right i?-module M is said to be firm if wm is an isomorphism. When M = R, we 
will speak of a /irm ring. According to [Zj, this terminology is due to D. Quillen. Firm 
modules are called regular modules in |%2] , where their Morita theory is developed. By 
Mr we denote the full subcategory of M. R whose objects are the firm right .R-modules. 
It is known ( 22, Corollary 1.3].|24[ Proposition 2.7]) that M.r is abelian if R is firm. 
In both cases, the proof is indirect, namely, M.r is shown to be equivalent to a certain 
abelian category. In particular, due essentially to the lack of left exactness of — ®r R, 
kernels cannot be in general computed in Ab. The situation is simpler if, in addition, rR 
is assumed to be flat: M.r is then easily shown to be a Grothendieck category, where 
coproducts, kernels and cokernels are already computed in Ab. A generator for A4r is 
given by the firm right -R-module .R. When R has a unity, then M.r becomes the category 
of unital right .R-modules in the usual sense. 

If M is a firm right -R-module and cLm '■ M — » M ®r R is the inverse map of the 
multiplication map vjr : M ®rR — > M, then we will use the notation cZm(^) — ^ r ®_r?" € 
M ®r R (sum is understood). Of course, this element in the tensor product is determined 
by the condition m r r = m. An analogous notation will be used for firm left -R-modules. 

Examples of firm rings are rings with (idempotent) local units, such as the ones in [J] 
and 0. A comparison of different notions of rings with local units may be found in |5D] . 
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2 Some adjoint pairs for modules 

Let A, B denote rings with unity, and consider bimodules b^a, a^'bi an d a homomorphism 
of A-bimodules 

fi : E' ® B S -> A. 

We have then a structure of 5-ring on S = E <8u £', with the multiplication defined by 
the composite map 

ViS^E'^E^E' E ® A A ® A E' E^E'. 

This multiplication, given explicitly on elements by the rule 

V(x ®a<P®bD ®a *l>) = xfi(<f) ®bv) = x gu fi(4> (g B y)^) ( 2 ) 

is easily shown to be associative. Moreover, the map S — > End(S^) that sends 4>®ax to the 
endomorphism y i— > ®b £/) is a homomorphism of 5-rings. In particular, £ becomes 
an 5- A-bimodule. Analogously, the S-ring homomorphism S — > End^E') which maps 
y Cgu V' onto the endomorphism i— > fi(<f) ® b y)ip is a homomorphism of .B-rings and, thus, 
£' becomes an A — S-bimodule. 

A straightforward computation shows that 

fi((f)S (g) B X) = fi((f) ® B sx) (3) 

for every s E S. This means that we can consider the A-bimodule homomorphism 

/i:S'® s S^A, (<p®sx i-> /x(^bx)). (4) 

Now, consider a ring homomorphism t : i? — > S 1 = £ ®a E', where i? is any ring (thus, 
we are not assuming a unity). If r G -R, we will write i(r) = e r ®a fr G E ®a E' (sum is 
understood) for its image in S. The left S'-module structure of E induces a left i?-module 
structure given explicitly by the formula 

ru — e r fj,((p r ®_b u), (r E R, u G E). (5) 

In this way, the A-bimodule map (J3J induces a homomorphism of A-bimodules 

\i : E' E — > A, (0 ® R a; i-> //(</> ® g a;)). (6) 

Therefore, the equality 

rw = e r /i(v9 r <®ru), (r E R, w G £) (7) 

is deduced from 

There is an adjoint pair of functors 

^5=^^, - <8>« S H Honu(£, -) , (8) 

U Hom A (S ,-) 
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with unit and counit given, respectively, by 



u N : N ^Hom j4 (S, N ® R E), v N {n){u) = n ® R u 

and 

Cm : Hom A (E, M) ® R E M, C(0 ®R v) = <j>{u) . 

Now, if R is a firm ring, then there is an adjoint pair 

Mr I J — Mr, JH-Ofli?, (9) 



where J is the inclusion functor. The counit of this adjunction is given by the multiplication 
map wm '■ M ®r R — > M, and the unit is given by its inverse : iV — > N ®# i? when 
N is firm. As a consequence, the functor — <S)r R is left exact. We have then that 
— ®r R : M R — > Ab is exact (that is, rR is flat) if and only if the inclusion functor J is 
exact (since the forgetful functor M R — > Ab is faithful and exact). 

By composing the adjunctions (jHJ) and (jHJ) we obtain the adjoint pair 

Mr < ~®* :=^A1 A , - ® fi E H Hom A (E, -) ® fi i? (10) 

Hom A (S,-)(g) ii i? 

We shall need the explicit expression for its unit 

7] N :N s- Hom J 4(E, N ® R E) ® r R, rj N {n) = u N (n r ) ®r r, (11) 

and its counit 

t^m '■ Hom A (E, M) ®r R ® R E *M, ir M (f ® R r ® fl u) = f(ru) . (12) 

For our purposes it is interesting to recognize the former right adjoint functor as a tensor- 
product functor. As in the case of E, the right S'-module structure on E' induces a structure 
of right i?-module on E' that satisfies 

0r = n{<t)® R e r )<p r (13) 

Proposition 2.1. Let i : R — > E®^ E' fre a homomorphism of rings. Consider the A — R- 
bimodule E^ = E' ®# R. If R is a firm ring and E is firm as a left R-module, then there 
exists a natural isomorphism a : Hom A (E, —)® R Rc^ — ® A E' . In particular, we have the 
adjoint pair 

M R * 0R ' M A , -%SH-® A Et (14) 

Proof. For M G A^a define 

a M : Honu(S, M) ® R R ^ M ® A E f , a M {h ® R r) = h(e s ) ® A ®r r s . 
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A straightforward computation shows that % is natural in M, and that its inverse is given 
by 

■ M ®fl st *■ Hom j4 (S, M) ® R R, a^(m ® A <p ® R r) = h ® R r, 

where h(u) = m^{(j) ®r u). □ 

It is convenient for our purposes to have an explicit expression for the adjointness 
isomorphism, the unit and the counit of the adjoint pair ()14j) . The first is given by 

Hom^iV <S>r £, M) ^ Hom^iV, M ® A £ f ) (15) 

/ i (n i-> f(n T <S>r e s ) ® A y s ®r r s ), 

the counit by 

5 M ■ M <$ A £ f <S> R £ »- M (m<& A (j)® R r <& R x ^> m{i((j)® R rx)), (16) 

and the unit by 

T] M : N N® R E® A £ f (n i-> n r ® R e s (g) A <p s ® R r s ) 

3 Comatrix corings 

Keep the notations of Section 121 We thus consider a ring homomorphism i : R — > S = 
£ <g> A £', where the structure of ring of £ ® A £' is given by (j2J). We assume that i? is 
a firm ring, and that A is a ring with unity. Recall that, for a firm left .R-module M, 
du '■ M — * R® R M denotes the inverse of the multiplication map, and we use the notation 
c^m(^) = t ®r m r . 

Let M be an R— A-bimodule which has a structure of a right comodule over an A-coring 
C We will say that M is an R — CC-bicomodule if the structure map pu '■ M — > M <g) A <Z is 
left i?-linear. The following generalizes the construction of comatrix corings given in [To] . 

Theorem 3.1. If rT, is firm as a left R-module, then E'®#E is an A-coring with comul- 
tiplication 

A : g ® R S *® Rds - E' ® R R (& R S g ® R E ® A £' ® K £ 

and counity 

\i : £' ®^E 

Moreover, E is an i2— £' ® R T 1 -bicomodule, and £^ = £'®#i? is a E' (g>^£ — R-bicomodule 
with the coactions 

Ps : S -R ®i? E E ® A E' ® fi E 
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and 



A st : E' ® R R *' mRdR > E' ® R R® R R ^" E'^S^ E' ® r i? 



Proof. For Cg)_R it G E' £§)# E we have 

®rU) = (j) ®RC r ®A^r ®RU T (17) 

Therefore, 

(£' ® fl E <gu A)A(0® i? w) = (E'® fi E® A A)(0® i? e r ® j4 ^r®i?M r ) 

= (£' ®Rl®Rl®RZ)(<i)®Rr®Rt®RU rt ) 

= (Z' ®Rl®Rl® R i:)( y (f)®RSr S ® R t®RU rt ) 
= (Z' ®Rl®RL®Ri:)((t)®RS®Rr S t®RU rt ) 
= (Z' ®Rl®RL® R i:)((t)®RS®Rr S ®R tU H ) 

= (E' ®RL®RL®RY,)(<i)®RS®Rr s ® R u r ). 

On the other hand, 

(A® A E / ® /? E)A(0® i? M) = (A <S>a E' 0r E)(0 ®^ e r ®a <-Pr ®R uT ) 

= ®r e s ® A ip s ® R e r s ® A </V ®r u r 

Thus, what we need to check to prove that A is coassociative is that 

(i ® R l) (s <g> R r s ) = e s <g> A (f s <3r e r s ® A W (18) 

To prove (fTSj) let ro E : i? (g)^ E — > E be the left action map, and tz^ : i? (g>^ i? — > R the 
multiplication map. It follows from (JJJ) that 

V O (j, <g) fl i?) = ?Z7 S (g) A E 

Since t is an algebra map, we deduce 

Now, both R and E are firm, which allows to rewrite (flT)|) as 

(d s <g> A E') i = (R ® R t) d fi 

from which (JTSj) follows by composing with <.®#E®aE' on the left. The counitary property 
follows easily from (jZJ) and 1)13)) . The arguments to prove that ps and A^t are comodule 
structure maps are similar. To check this, it is useful to use the following expressions for 
the right and left coactions: 

Pn(u) = e r ®a <Pr ®r u T (20) 

and 

A E t (0 <&r r) = ® R e s <gu f s <%>r r s 
Obviously, they are i?-linear. □ 
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Definition 3.2. We refer to the A-coring E' ®r E as the comatrix coring associated to 
the ring homomorphism l : R — > E ® A E', the A-bimodule map \i : £' ®b E — > A, and the 
firm module rE. 

Remark 3.3. Starting from // : £' ®b E — > A and i : -R — > E ®^ £' and assuming 
£' to be firm as a right -R-module, an A-coring structure is defined on E' ®r E whose 
comultiplication is given by 

A'((p ®RU) = (jf ®RC r ®A l fr ®R U, 

and with counity \i : £' ®r E — ► A. A straightforward version of Theorem 13 . II shows that 
E' is a left comodule, with coaction 

As'O) = 4> r ®r e r ® A ¥r (21) 

and ^E = R ®r E is a right comodule, with coaction 

Pts(V ® R u) = s ® R e r s ® A ip r s ® R u, 

where r = sr s . Here, #E is not assumed to be firm. 

When both modules rH and E' R are firm, it is equivalent to construct the comatrix 
coring using the "firmeness" of E or E', as the following proposition establishes. 

Proposition 3.4. If rE and E' R are assumed to be firm, then A = A' , and the isomorphism 
d-£t : E' = E' ®r R=Y$ ( resp. d^, '■ E = R ®r E = ^E) is an isomorphism of E' ®r E — R- 
bicomodules (resp. of R — E' ®r E-bicomodules) . 

Proof. To prove that A = A' it is enough to check that for every <fi ®_r u G £' ®r E one 
has 

(j) r ®R.r ®r u = (f) ®r r®R u r 

But this equality follows by applying the isomorphism E' <S>r tJ7s = ro E' ®_r E to both 
members. To show that d-£> is an isomorphism of left E' ®r E-comodules we have to check 
the equality 

<p r ® R e s ®a ®r r s = 4> r ®r e r ® A (<A-) S ®r s (22) 

Equality (|22jl holds whenever it gives a correct equality after applying the isomorphism 
£' <S>r E ®a But the obtained equality then reads 

4> r ® R e s ® A ip s r s = 4> r ® R e r ® A ((p r ) s s, 

which is correct by (|7|). An analogous argument shows that c?s is an isomorphism of 
R — £' (g)^ E-bicomodules. □ 
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Recall from [S| the notion of a comatrix coring context, consisting of two rings (with 
unit) A, B, an A — B-bimodule £', a B — A-bimodule E and two bimodule maps 



t:B^E8iS' and e : £' <g> B £ A, 
such that the following diagrams commute 

S'^S^S'^^-i^E' £<guE'® B £ — — i?® B £ (23) 



£' ® B 5 £' S ®a A > 

It follows (HI Theorem 2.4] that E'cg^E is a coring, E is finitely generated and projective as 
a right A-module and £' is isomorphic to E*. However, once we replace in this construction 
the unital ring B by a firm ring R, and we assume that E and E' are firm as -R-modules, 
we can still construct the coring E' (g>R E as before, but there is no need anymore for E 
to be finitely generated and projective as right A-module. It is straightforward to check 
that the comatrix coring as constructed from the comatrix coring context is exactly the 
comatrix coring from Proposition 13.41 

Example 3.5. If E is a B — A-bimodule such that E^ is finitely generated and projective, 
and {(e«, e*)} C E x £* is a finite dual basis for E, then the canonical ring homomorphism 
i : B — > E ®a E* given by i(b) = bti ®a e* = ®a e*6 (sum is understood) induces on 
E* ®b E, in virtue of Theorem 13. 1[ a structure of A-coring. Here, the A-bimodule map 
fi : E* (B)b E — > A is just the evaluation map. These corings were introduced in [16J. We 
call them finite comatrix corings. 

Example 3.6. Let V be a set of finitely generated and projective right modules over a 
ring A, and consider E = @ PeV P- For each P G V let bp : P — > E and Tip : E — > P be 
the canonical injection and projection, respectively. Then the elements up = ipiip with 
PeP form a set of orthogonal idempotents in End(E^). Consider any homomorphism of 
rings T — > End(E^), and let R = 2~2pQev Up T u Qi which is a (non unital) subring of the 
image of T in End(E^). Consider the unique homomorphism of rings b : R —>■ E <S>a £* 
defined on each upTuq by the composite map 

upTu Q Hom A (Q, P) P ® A Q* C E ® A £*, 

where the first map assigns npfiQ to every / G UpTuQ. Clearly the ring R has enough 
idempotents, which implies that R is a firm ring. Moreover, E is easily shown to be a firm 
left i?-module, with the left .R-action given by the restriction of its canonical structure of 
left T-module. Therefore, the comatrix A-coring £* £g># E stated in Theorem 13.11 makes 
sense. We will see in Section that this construction is tightly related to the infinite 
comatrix corings from |17j . 
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An explicit expression for the comultiplication of E* ® R E in this case is obtained as 
follows. For each P eP, let {e ap , e* p } be a finite dual basis for P A . Then 

Op 

identity from which, in conjunction with (|17jl . we easily deduce, for e E* and x G E, 
that 

A(0 ®/j x) = ^ ^ ®R l p( e » P ) ®a e* p vr P <g> R x, 

where T is a finite subset of V such that x = ^ PgJir ep£. The E*(g>pE-comodule structures 
of E and E^ = E (g>p are then given by 

PeOe) = ^2 L p( e *p) ®a e* p vr P ® R x, 

and 

A s t(0 ®r r) = ^2<j)® R i Q {e PQ ) ® A e* aQ 7T Q ® R r, 
Qeg 

respectively. In the second case, Q is a finite subset of V such that r = ^Qe-p e< 3 r - 

Example 3.7. Let E be a B — A-bimodule that is locally projective in the following sense 
(see jSH|): for every element ti£E (or equivalently, for every finite set in E), we can find 
an element (called dual basis) e = £g>A /i G E ®^ E* such that foe = efe and e • u = u. In 
case where B — Z, this is equivalent with local projectivity in the sense of Zimmermann- 
Huisgen [32]. Take now a set of generators £7 for E^, and let £ be a set consisting of local 
dual bases for each of the elements of U. Put R the subring of E ® A E* generated by the 
elements of E. By construction, R acts with local units on E and thus E is a firm left 
-R-module. Clearly, R is a ring with left local units and, therefore, it is a firm ring (see also 
[3*0"1 Theorem 3.4]). It follows now from our general theory (Theorem IH.ljl that E* ® R E is 
an A-coring. The counit and comultiplication are given explicitly by the following formulas 

e(ip ® R u) = <p(u). 

and 

A(ip ® R u) = ip ® R e { ® A fi ® R u = ip® R e ® R u, 

where e = <2)a fi is a dual basis for u. That this comultiplication is well-defined can be 
also checked directly as follows. If e' is another dual basis for u, let then e" be a local unit 
for both e and e', i.e. e"e = e and e"e' = e'. We compute 

p® R e® R u = p ® R e"e® R u = p ® R e" ® R eu 
= tp ® R e" ® R u = p ® R e" ® R e'u 
= p ® R e"e' ® R u = p ® R e' ® R u. 
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The co matrix coring built in Theorem 13 . II admits (up to isomorphism) two more natural 
constructions. The first of them uses £^ <g> R E as underlying A-bimodule. The idea is to 
use as initial data the homomorphism of A-bimodules : E"^ ® R E — > A defined by 

z\4> ®r r 8ri) = (S)r rx) = //(</> (g) B rx) 

and the map i' : R — > £ (gu £t given by 

t '(r) = ( t (g)^ R)d R {r) = e s <g> A ^ ®« rS 

Lemma 3.8. If we endow E <8u £^ u>z£/i i/ie rinj structure induced by , then l' is a 
homomorphism of rings. 

Proof. Given r,t £ R, we compute 

t/(r)i'(t) = (e s ®A<p s ®Rr s )(e u ® A <p u <g> R t u ) 

= e s ^{ip s ® R r s e u ) ® A tp u ® R t u 

= sr s e u ® A <&r t u 

= re u ®a <£u ®r t u 

= e r fi((p r <g>R e u ) ® A ip u ® R t u 

= (e r ® A <p r ) (e u ® A <p u ) ®r t u 

= e ru ® A Vru ®R t U 

= e v ®a ¥v ®r {rt) v 
= i'{rt) 

□ 

In view of this lemma, we can construct the comatrix coring associated to the firm 
module R T, (or, in virtue of Proposition 13 . 41 the firm module T, R = £' ® R R). This comatrix 
A-coring is the A-bimodule E^ (B) R E with the comultiplication 

A f (</> ® R r ® R x) = <p ® R r ® R e t ® A <p t ® R s* ® R X s (24) 

and counity 

e\(j)® R r ® R x) = fi(<f>® R rx) (25) 

By Proposition I3.4j 

A f (0 ® R r® R x)=(j)(g) R s ® R e t ® A <p t ®r (r s )* ® R x (26) 

The structure of right £t <£) R S-comodule on E is given by (see (J2*U|) ) 

p\,(x) = e s ® A ip s ® R r s ® R x r (27) 

Now, being £t = E' <S>r R firm as a right i?-module, it has a structure of left E^ ® R £- 
comodule with coaction (see (|2ip) 

Aj, t (</> ®* r) = ® K s ® R e t ®a <Pt ®r (r 3 ) 1 (28) 
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Proposition 3.9. The map f : E^" ® R E — > E' <g)# E given by f{<fi ® R r ® R x) = <fi ® R rx 
is an isomorphism of A- coring s. Furthermore, the structure of right (resp. left) comodule 
over gzi>en m (|2*7j) (resp. (128)1 ) correspond under this isomorphism 

of categories to the E' ®# H-comodule structures established in Theorem \3.t\ 

Proof. First, observe that / is nothing but the inverse of the isomorphism E' ® R d%. The 
comultiplication of E' ® R S was given in (|17p. To prove that / is a homomorphism of 
A-corings we need to check that 

<fi <S>i? re t ®a ft ®r sV = (fir <® R e s ® A f s ®r x s (29) 
for every <fi ® R r ® R i6S' ® R R ® R E. The equality (J29*j) is a direct consequence of 

e t ®a Vts 1 = e s ® A v? s , (30) 

and this last is deduced from the fact that the structure of right i?-module of E'^ is given 
by (fT3|) . Finally, let us check the claims concerning the comodule structures. Apply Efgu/ 
to (|2*Tj) to obtain, in view of (fHUJ) . the induced E' ® R E-coaction 

(E <S>A f)Pz( X ) = e r ®A <fr ®R X T , 

which proves that ps = (E ®a /)Ps- As f° r ^ concerns, the E' ® R E-comodule structure 
map induced by the coring isomorphism / is then given by 

(/ ® A S f ) (0 ® R s ® R e t ® A ft ®R (r s Y) = <fi (g) R se t ® a <p t ®R (r s Y 

= 4>® R e s [i(ip s ® R et) ®a ft ®R (r 8 Y 

= <fi>®Re s ® A v(<f s <%>r e t )<ft ®r (r s Y 

= <fi®Re s ® A <f s t ®r (r s Y 

= <fi®Re s ®a fs ®r r s 

In the above computation we made use of ((Zj) and (fT3*|) . The resulting map is precisely the 
coaction A^t given by Theorem 13.11 □ 

Finite comatrix corings, as defined in Example 13. 5[ and the corings defined in Example 
13. 6| are built on the canonical evaluation map \i : E* ® R E — > A. Our next aim is to 
prove that this is always the case in some precise sense, namely a third construction of the 
comatrix coring built on the A-bimodule E* ® R E (see Proposition 13 . 1 0|) . 

For every <fi G E' let <fi : E — > A be defined by <fi{u) = /i(0 ® R u). This gives a 
homomorphism A — i?-bimodules (— ) : E' — > E* (which is also of A — 5-bimodules). 
Now, let e : E* ® R E — > A be the canonical evaluation map, and consider on E ®a E* the 
corresponding ring structure with multiplication defined by (x ®a <fi) (v ®a v) = x(fi(y) ®a^- 
Then the map 

E ®a (— ) : E ®a E' *~ E ®a E* (31) 

is a ring homomorphism. Moreover, the left E ®a S*-module structure of E is compatible 
with this ring morphism in the sense that it induces, by restriction of scalars, the old 
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E ®a S'-module structure. If i : R — > E (g>_4 E' is a homomorphism of rings, then its 
composition with (|3*T|) gives a homomorphism of rings from R to E <SU E* which induces 
on E the same left .R-module structure than l. Thus, no ambiguity arises if we write 
i : R — > E £gu E*. Accordingly to Theorem 13. II we can consider the A-corings E' ®_r S and 
E*® A E. 

Proposition 3.10. TTie map 

(-) ® fl E : E' ® R E S* ® fl E (32) 

is an isomorphism of A-corings. 

Proof. Clearly, the map is a homomorphism of A-bimodules. Moreover, an easy compu- 
tation shows that (— ) ® R E is a homomorphism of A-corings. We need thus to prove 
that it is bijective. By Proposition 12.11 we have an isomorphism of A — i?-bimodules 
a a '■ T,*® R R — > A®a^- We obtain an isomorphism of A-bimodules 5^ : E*(g>^E = E'Cgi^E 
as the composition 

E <S> R h >■ E ® R R® R h E ® R R ®r E ^E'®^E. 

This isomorphism acts on elements by 

®/j u) = <p{e s )ip s ® R r s u T {<P®ru e S* ® R E). 

Now, the computation 



((-) ® R E)a A ((f> <S>r u) = (p(e s )f s ® R r s u r = 

4>(e s )Tp~ s r s ® R u r = 4>r ® R u r = (j)® R ru r = 4>® R u 

proves that (— ) ® R E is a left inverse to the bijection a a and, henceforth, (— ) ® R E = 
a~ A \ □ 

Remark 3.11. The isomorphism of A - i?-bimodules a a '■ E* ® R R = A ®a E' ®> r R = 
E' ®) R R deduced from Proposition 12. II induces a natural isomorphism between the functors 
- <gu E* <S)r R, - ®a S' <S)r R : M A — > M R . This, together with Proposition 13.101 allows 
to replace E' by E* and /i by e in our theory. 



4 Galois Comodules 

Let ((£, Ac, ec) be a coring over A and E be a right £-comodule. Let i : i? — > E ®a S* be 
a ring homomorphism, for R a firm ring, such that E is an R — £-bicomodule and #E is 
firm. Our first objective is to prove that the adjoint pair (JHJ) induces an adjoint pair 

M R I *- M € , - ®r E H Hom c (E, -) . (33) 

Hom c (S,-) 
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Lemma 4.1. Let t : Hom^— ® R E, — ) — > Hohir(— , Hom^E, — )) denote the adjunction 
isomorphism for the adjoint pair (jEJ). Then for every N G M. R and every M G we 
have a commutative square 



Honu(iV % S,M) 



Hom^iV ® R E, M) 



T N,M 



Rom R (N, Hom A (E,M)) 



Hom R (iV, Hom c (E,M)) 



where the vertical arrows are inclusions. In particular, — ®rE is left adjoint to Hom l r(E, 
Proof. Consider the diagram 



Hom^iV ® R E, M) 



Hom A (iV ® R E, M) 



Rom R (N, Hom c (i;,M)) 



Rom R (N, Hom A (E,M)) 



(34) 



Rom A (N (g) R E, M ® A €) ™' M ® A<1 , Hom fl (iV, Hom A (E, M <gu £)) 

where the vertical sides represent equalizer diagrams. Here, (3 = Hoin^iV ® R S,p A/ ) 
and P' = Hom^ (iV, Houu(E, pm)), whence the naturality of r gives that (3' o tjv,m = 
t~n,m® a £ ° /?• Obviously, the kernel of j3 — 5 is Hom^iV <8>^ E,M). On the other hand, 
5(f) = (/ ®a £)(N ® A Ps) for / G Rom A (N ® R E, M), and (%)(n) = (g(n) ® A £)p E for 
# G Hom fl (iV, Hom j4 (E, M)) and ne N. Now, given / G Hom A (iV ® R E, M) and n e N, 
we get 

TN,M®A£( S (f))( n ) = Hom j4 (E,5(/))z/ Ar (n) 

= 5(/)^(n) (35) 
= (f® A £)(N® APs )u N (n) 

If we apply 5' ot^m then we obtain 



*'(W/))(n) 



5'(Hom A (E ) /)v iV )(n) 
(Hom j4 (E, f)v N {n) ® A 
(fv N (n) <gu £)p s 



(36) 



The values of the maps (J35J) and (jSSj) at w G E are 



(/<8U £)(iV ®a PsKW(u) 



and 



{fvN{n) ® A C)p s («) 



= (/^C)(iV^p s )(n^Ji) 

= (/^C)Ma!1|0]®A«[1]) 
= /(n®AW[0]) ®AW[1], 

{fvN{n) ® A €)(u[ ] ® A it[i]) 
,/Vjv(n)(ii[o]) <8U«[i] 

/(n «U M[0]) 
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respectively, and, hence, they are equal. This concludes a proof of the equality T N ^ M(g)Al ro6 = 
& ° t n,m- ft i s eas y t° check that the maps (3' and 5' come out by applying the functor 
HoniR(iV, — ) to the equalizer 

0" 

Hom £ (S, M) Hom A (S, M) ==? Hom A (£, M ® A C) , (37) 

where (3" = Hom A (£, p M ) and S"(—) = (— ®> A £)pe- Thus the equalizer of (3' and 5' is 
HoniR(iV, Hom£(E, M)). This proves that tn,m induces an isomorphism 

t nm : Hom c (iV ® R S, M) ~ Hom^iV, Hom £ (E, M)). 

□ 

Now let us, with the help of Lemma 14. 1| prove that the adjoint pair induces an 
adjoint pair 

Mr < > M* -%EHHom £ (S,-) ® flj R. (38) 

Hom £ (S,-)«) i ji? 

Lemma 4.2. Let 7 : Hom A (— — ) — > Hom^(— , Hom A (X, — )®rR) denote the adjunc- 
tion isomorphism for the adjoint pair JTUJ). Then for every N G M.r and every M G M € 
we have a commutative square 

Hom A (iV ® R E, M) 1N ' M * Eom R (N, Hom A (S, M) ® R R) 

Hom c (iV (g) R S, M) 7iV,M > Horn^iV, Hom £ (S, M) ® R R) 

where the vertical arrows are canonical monomorphisms (recall that — ®r R : M.r — > A4r 
is left exact). In particular, — ®r X is left adjoint to Hom£(£, — ) ®r R. 

Proof. Consider the functorial isomorphsim 

q : Hom fl (-, Hom A (£, -)) ~ Hom fi (-, Hom A (£, -) ® R R), 

defined from the adjunction isomorphism : Hohir(— , — ) ~ Hom^(— , — ®r R) corre- 
sponding to the adjoint pair Q as q = 0-Honu (£,-)■ Since q is natural, we get from the 
equalizer (pTfjl a commutative diagram of equalizers 

Eom R (N, Hom £ (S, M)) Eom R (N, Hom £ (E, M) ® R R) 

Eom R (N, Hom A (S, Mj) — Eom R (N } Hom A (E, M) ® R R) 

" " " " 

ttom R {N, Hom A (S, M ® A €)) " n ' m ® a€ y Rom R {N, Hom A (S, M ® A €) ® R R) 
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which induces an isomorphism 

Qv,m : Bom R (N, Hom £ (S, M)) ~ Hom^iV, Hom c (£, M) ® fi 
Finally, we have that 7 = q o r, which finishes the proof. □ 
Let 

7r : Homc(E, — ) ® R R ® R £ ^id M <? , (39) 

be the counit of the adjunction (|38j) . which is, when evaluated at M, nothing but the 
restriction of the map displayed in p2jl . 

When the right C-comodule £ is finitely generated and projective as a right A-module, 
the finite comatrix coring E*£*DtE is related to the coring £ with a canonical homomorphism 
of A-corings 16, Proposition 2.7], where T = End(£e;). Expressed in Sweedler's sigma- 
notation, that canonical map reads can(0 ®y x) = (p(x[o])x[i]. The following proposition 
shows that this canonical map stills to be a homomorphism of corings in our present more 
general setting. 

Proposition 4.3. The map 

can :£*<£>#£ >~ <£, (f> ®R x ^ 4>( x lo})x[i] 

is a homomorphism of A- corings. 
Proof. Given <p £g>A x G X* ®r S, we have 

0(X[ O ])X[i] = ((f) ® A €){X[ ] ® A X[i]) 

= {(f>® A €)p M {x) 

= (4>® A <£)p M (rx r ) 

= ((f)® A €)rp M (x r ) 

= (0® a €)(rx r [0 ] ®A^ r [i]) 

= (p(rx r [0] )x r [1] . 



Therefore 



can(0 ® A x) = 0(rx r [ O ])x r [i]. (40) 

Now, apply (jjpj) to compute 

(A £ ocan)(0(g) A x) = A c (0(rz r [ O ])a; r [i]) 

= 0(rx>])A £ (x r m ) (41) 

Let us compute the other pertinent composition: 

(can ® A can)A s * (g)flE (0 <g> A x) = (can <g> A can)(0 <gu e r <Su tp r ® R x r ) 

= 4 > {er[0})er[l} < ^Afr{x T [0])x r [ 1 ] 

= <t>{ e r[0])e r [l]Vr{x r [0]) ®AX T [l] 

= ((f)® A £®A £)(er[0] ®A e r[1] (p r (x r [ ]) <g>A Z r [i]) 

= (0 ® a £ ® A <£) (PS (e r <^r (X r [o] ) ) <g> A X r [ ] ) 

= ((f)® A £®A G:)(ps(™ r [0]) <S>A^[1])- 
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The last members of (|4*T|) and (|42j) are equal because E is a right C-comodule. We have 
thus proved that A £ o can = (can <S>a can ) ° A^*®^. A straightforward argument shows 
that ec o can is the evaluation map, and thus the proof is complete. □ 

The homomorphism of A-corings can defined in Proposition 14.31 induces two functors 
CAN r : M t, *® rT ' -> M c and CAN; : ^*®r^M -> € M which are examples of induction 
functors in the sense of [21]. In this case, the functors act as the identity on morphisms and 
on the underlying structures of A-modules. The image under CAN; of the right E* ®r E- 
comodule E (Theorem 13.1)1 is nothing but the original structure of right C-comodule over 
E. We have then a commutative diagram of functors 



CAN r 




(43) 



On the other hand, the action of CAN/ on the left E*®/jE-comodule E' = Y,*®rR (Theorem 
13. 1J) endows it with a structure of left £-comodule A£ t : E+ — > £®a S . Explicitly, it reads 



A| t (0 ® R r) 



])e s [i] ® A Vs ®nr* 



because, by definition, A| t = (can ®a E^)A s t- Clearly, A| t is right _R-linear and, thus, 
E^ G € Ai R . If we assume rR to be flat (i.e., the functor — ® R R : M. R —> Ab exact), this 
bicomodule gives a functor — n c E^ : _M £ — >• M.r. Recall from Proposition 12.11 that we 
have a functorial isomorphism a : Hom^E, — ) ®r R ~ — ®a E^. 

The following theorem establishes a basic adjunction connecting comodules and firm 
modules. 

Theorem 4.4. If rR is flat, then the natural isomorphism a : Hom^E, —)<8>rR ~ — <8uEt 
induces a natural isomorphism Hom<r(E, — ) ®r _R ~ — □ 1 rE^. In particular, we have an 
adjoint pair 



-□«rE t • 



(44) 



Proof. Consider the diagram of equalizers 

Hom c (E, M) ® R R 

Hom A (E,M) ® R R- 



MD^Et 



«M 



&"®rR 



Hom A (E,M® A £)®rR- 



— »■ M 



Et 

§4 St, 
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where j3" and 5" appeared in diagram (J37j) . In order to deduce that q?m induces an isomor- 
phism oim '■ Hom<r(S, M) ® R R ~ MO^St we need to check the following two identities: 

(a) a M ® A £ ° (P" ®r R) = (ps ®a S f ) o ct M 

(b) a A fcg) A e: ° (5" ® R R) = (M <$ A A E t) o a M - 

To check (a), pick h <S)r r G Hom^S, M) <g) R -R and compute as follows. 

«m® a c(/3" ®r R) (h ® R r) = a M(3)A€ (pxh <g) R r) 

= PT,h(e s ) ® A ^s®Rr s 

= h(e s )[ ] ®a h( e s)[i] ®a ®r r s 

= (ps ® a St) (/i(e s ) g> A <^ s ®ij r s ) 

= (pr,®A^)oc M (h®Rr). 

We shall deduce (b) by proving ocm® a £ ° (5" ®r R) ° «m = M ®a A 2 t as follows: given 
m ®a 4> ®rt & M ®a S^, write /i ® R r = o: M (m ®a <P ®r r ), which means (see the proof 
of Proposition 12. lj) that h(u) = m<j)(u) for every u G E. Therefore, 

(aM® A £ {6"®rR) oa^ 1 )(mO j4 </)(g) i? r) = a A /® A e;(5" <S>i? ®i? r) 

= fc(e,[o]) ®a e s[ i] <8u y? s ®i? rS 

= m0(e s[O ]) (8.4 e s[ i] ®a 

= m <gu 0(e s[O ])e s [i] <8u ®i? 

= (M® A \tf)(m® A <f>® R r). 

This finishes the proof. □ 

The adjunction isomorphism of the adjoint pair (jUj) is given by the restriction to 
Hom^iV ®r E, M) of p5j) . This allows to deduce that the counit of the adjoint pair (f4*4*j) 
is given by the composite map 

Xm : (MD e Et) ® fi E egM - st ®* S > M ® A St ® R E M, (45) 

where 5m is defined in (fTKj) . and eq M ^x : MD<rEt — > M ®a Et is the equalizer of the maps 
Pm (gu St and M ®a A| + . 

Proposition 4.5. T7ie following diagram is commutative. 

St ® fl E® A £ 




£® A St ® fl S 

TTie resulting map 

can f : S f ® fl E ^ £, 

zs suc/i the homomorphism of A-corings can : S* ® R S — > £ can 6e expressed as 
can = cant (yj* Moreover, cant ^ s homomorphism of A-corings. 
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Proof. Pick <S)r r ® A x 6 E^ ®/j E. Taking that x = sx s into account we get 

(ita®a£)(P ®RPx)((l>®Rr®Ax) = (n A ® A £)(^ (g) R px)((j)® R r (g) A sx s ) 

= (tta ®a Ojj p s )(0 ®ij r ® A e sVs (x s )) 

= (n A <g> A £)(</> ® B r ® B e s[0] ® A e s[ i]y? s (a; s )) 

= 0(re s[O ])e s [i]V? s (a; s ), 

and, since (fir ® B is* ® B x s = (fir ® R st ® R = (fir ® R s ® R x s , we have 

5c(A E t ®i ? S)(0(g> jR r = 5 c (A st ®i? S)(0(g) i? rs (g>ijx s ) 

= 5<r(can ® A S f <g> fl S) {(fir ® R e s <8u (p s ® R t ® R (x s )') 
= (fi(re s[0] )e s[1] Lp s (x s ). 

The equality can = can''" o (E* ®r (is) follows without difficulty from (jlilj) . Since E* cg># 
is the inverse of the isomorphism of A-corings given in Proposition 13.91 we S e t that can^ 
is a homomorphism of A-corings. □ 

Remark 4.6. The canonical map can and the value of the counit 

ttc : Hom<r(E, £) ® R R ® R E -> £ 

at € are tightly related. In fact, can = n<r o "1, where ~I denotes the composition of the 
isomorphisms 

E* ® fl E >- E* R R ® R E >■ Hom^E, £) ® R R ® R S 

The following definition generalizes the notion of a Galois comodule from the case of 
finite comatrix corings 16J to our general framework. 

Definition 4.7. The comodule E is said to be R-£-Galois if can (or, equivalently, can^) 
is an isomorphism. We say then that (<£, #E) is Galois, or even that € is a Galois coring, 
when E and R are clear from the context. 

From now on in this section, assume that R R is flat. We will show that a Galois 
comodule E allows to reconstruct some comodules from the category M. R by using the 
functor — ®_r S. To do this, consider the following diagram (E is not yet assumed to be 
Galois) 
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which is commutative by Proposition 14.51 Define a natural transformation 

* : (-□<rE t ) ® B s — - -n^p ®R s) , 

making commute the diagrams (for IVgM c ) 
(iVDcEt) ® R E 




Nn € (p ® R E) — — iV ® A Et ® R E ==S AT ® A £ ® A Et ® A E 



We thus get the following diagram 



(iVDgEt) ® R E 




Vacant 



ivn £ (Et ® fi E) 



A AT 



ATDe-cant 





which turns out to be commutative. 



(46) 



(47) 



From the foregoing discussion we get the following characterization of those comodules 
which come from modules. 

Theorem 4.8. The following are equivalent for N e M € 

(i) The counit (jv gives an isomorphism Homj(S, N) ®r E = N; 

(ii) the counit ttn gives an isomorphism Home(E, N) ®# R <8>r E = N; 
(Hi) the counit xn gives an isomorphism (NOgE') (8)r S = N. 

J/E is an R — £-Galois comodule, then the foregoing statements are equivalent to each one 
of the following. 
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(iv) gives an isomorphism (iVD<rEt) Cg> R E = ND^iT,^ ® R E); 

(v) — ®_r E preserves the equalizer eq N ^ ■ 

Proof, (i) <^ (ii) follows from the commutative diagram 

Hom £ (E, N) ® R E Cn ' ? N , 

Hom ff (E, N) ®_r R ®r E 

where the vertical isomorphism comes from the isomorphism R ®r E = E. 

(ii) ■<=>• (Hi) follows from Theorem 14.41 

(Hi) <=>■ (iv) is a consequence of diagram (|4"7J). 

(iv) -v^ (f) is easily deduced from diagram (jjQ)) . □ 

By combining Theorem 14.81 and Gabriel-Popescu's Theorem [20] , we obtain the follow- 
ing generalization and improvement of Theorem 2.1.(1)] and [01 Theorem 3.8]. Observe 
that, as we explain later, the use of the Gabriel-Popescu Theorem is not the only pos- 
sibility to deduce such a generalization. In fact, Theorem 14.91 can be understood as two 
different statements that generalize the aforementioned results. Recall that the category 
of comodules A4 € is a Grothendieck category with exact forgetful functor A4 € — > M. A if 
and only if is flat [TBI Proposition 1.2]. 

Let T = End(E l r) be the endomorphism ring of the right C-comodule E. Since E is an 
R — C-bicomodule, every element r in the firm ring R gives rise by left multiplication to 
an element of T. This defines a homomorphism of rings R —>■ T. 

Theorem 4.9. The following statements are equivalent. 

(i) Homir(E, — ) : M. € — > M.r is a full and faithful functor; 

(ii) Honi(r(E, — ) ®r R : Ai € — > M.r is a full and faithful functor; 

(Hi) — O^E* : Ai € — ► M.r is a full and faithful functor; 

(iv) E is a Galois right <Z-comodule and the canonical map ^> n gives an isomorphism 
(iVDcE 1 ") ®r E = NO € (tf <3 R E) for every right d-comodule N; 

(v) E is a Galois right <£-comodule and — ®r E preserves the equalizer eq N ^ for every 
right £-comodule N . 

Assume that £. is flat as a left A-module, and consider the following statements. 

(vi) E is a Galois right <£-comodule and a flat left R-module; 

(vii) E is a generator in the category A4 € ; 
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(viii) Hom^X, — ) : .M £ — > M.T is a full and faithful functor. 

Then (vii) and (viii) are equivalent, (vi) implies (v), and (i) implies (vii). If, in addition, 
rT is flat or R is a left ideal ofT, then (vii) implies (vi) and, therefore, the eight statements 
are equivalent. 

Proof. The equivalence between the first five statements is a direct consequence of Theorem 
14.81 in view of Remark 14.61 

(vii) (viii) is a consequence of Gabriel-Popescu's Theorem [23, Cap. Ill, Teorema 
9.1.(2)]. 

(vi) =^ (v ) is obvious. 

(i) =^ (vii) is clear. 

(viii) =^> (vii) The main problem is to prove that is flat. We will prove this here in 
the case rT flat. The other case, namely for R a left ideal of T will be proved below 
in Proposition 14.131 By Gabriel-Popescu's Theorem |23l Cap. Ill, Teorema 9.1.(3)], the 
functor — ®t £ : M-t —* is exact. Since the forgetful functor _M £ — > M.a is exact 
because ^£ is flat, we get that is flat. This implies, being rT flat, that rE is flat. 
Now, Theorem 14.81 gives that \<t is an isomorphism. From ()47j) we get that CCDccan^ is an 
isomorphism and, hence, can^ is an isomorphism. Therefore, £ is Galois. □ 

Apart from the equivalence between (vi) and (viii) in Theorem 14. 9[ Gabriel-Popescu's 
Theorem is used in (viii) =^> (vii) just to deduce that rE is flat from the fact that £e is a 
generator, in the case that rT is flat. For the other case, when R is a left ideal of T, we 
need to extend some technical facts on flat modules from unital rings to firm rings. This 
is made, for the convenience of the reader, in the Appendix. With these results at hand, 
we proceed as follows. 

Let R — > T be a homomorphism of rings from a firm ring R to a unital ring T. We 
have a functor T £g>^ — : rM. — > tM-i and, for every iV G rM., an homomorphism of left 
i?-modules v n : iV — > T ® fi iV defined as v n(u) = 1 ® fi n. 

Lemma 4.10. The following statements are equivalent. 

(i) vr : R — > T ®r R is an isomorphism; 

(ii) R is a left ideal of T ; 

(Hi) Vn : N — > T ®r N is an isomorphism for every N G rA4. 

Proof, (i) (ii) For t G T and r G i? put s = f^ 1 (t ®i? r) G -R. Then 1 ®r s = t ®r r 
which implies, by multiplying, that s = tr. 

(ii) =3- (i) Define / : T <S>r R — > R by f(t ®r r) = tr. Obviously, / o vr = R. For the other 
composition, 

(v R o f)(t ® R r) = v R (tr) = v R (tsr s ) = tsv R (r s ) =ts(g) R r s = t ® R sr s = t® R r 
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which shows that f = v R . 

(z) =>- (Hi) With R N firm we have 

T ® R N = T ® R R <& R N = R ® R N = N, 

isomorphism which is explicitly given by 

t ® R ti i — ^ t ® R r ® R n r i— > £r ® R n r i— > [tr)n r (48) 

This isomorphism is the inverse of vjv since, for n £ iV, 

n I— ► 1 n i— > 1 <8>h r ®^ n r i— > r ®# n r i— > ra r = n 

(m) =>• (i) is obvious. □ 

Lemma 4.11. If R is a left ideal ofT then every firm left R-module N is a left T -module 
with the action tn = (tr)n r for t G T and n G N . Moreover, we have an isomorphism 
M ® T N ^ M ® R N for every M G Mr- 
Proof. The isomorphism transfers the structure of left T-module from T ® R N to N 
accordingly to (|48|). The isomorphism M ®t N = M ® r N is then obtained, with the help 
of Lemma I4.10j as the composite 

M ® T N = M (g) T (T ® R N) = (M ® T T) ® R N = M ® R N 

□ 

Remark 4.12. If R is a left ideal of T = End(Xc) then, by Lemma 14.111 we have an 
isomorphism X* Cg>y S = S* (B) R £ which turns out to be of A-bimodules. Therefore, the 
structure of comatrix A-coring of £* <S>r £ can be transferred to S* (g>y S, in analogy to 
the case of infinite comatrix corings [T7] . 

We are ready to formulate the alternative proof for the flatness of E. It is modelled 
after [HU 19.9]. We assume that a& is flat. 

Proposition 4.13. //£ z's a generator of A4 € and R is a left ideal ofT = End(£e;) ; then 
R T, is flat. 

Proof. By Proposition 17.41 in the Appendix it suffices to show that for any right ideal of 
finite type J = fiR + • • • + fkR of R, the map [ij : J ® R £ — > JS, fij(g ® u) = is 
injective. Let us consider the surjective map : S n — > JS, /(tti, . . . , w n ) = Si fi( u i)- We 
put .fT = Ker0, then G A4 C , since ^(C is flat. Moreover, we have an exact sequence 

Hom c (S, K) -2L*. Hom c (S, S n ) -L» J 0. 
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Tensoring by E over R, we obtain the following commutative diagram with exact rows: 
Hom<r(E, K) ® R E Hom £ (S, E") ® R E -^5- J ® R E 



ev K 



A'. 7 



K E™ JE 

The map ev^- is surjective, this is a translation of the generator property of E (see, e.g., 
[HI Lemma 3.7]). Furthermore, ev^n is an isomorphism, as one can see from the following 

Hom^E, E n ) ® R E = Hom c (E, E) n ® R E = T n ® R E = T n ® R R ® R E = iT ® fi E = E n , 

(here we used Lemma I4.1()j) . After this, it follows from the properties of the diagram that 
fij is injective. □ 

We have then finished the proof of Theorem 14.91 The following consequence allow 
to deduce (see Theorem I4.15j) a generalization of the faithfully flat descent theorem for 
comodules as formulated in jTHj. For the notion of a quotient category we refer to ^Hj- 

Corollary 4.14. If (t is flat as left A module and if the equivalent conditions of Theorem 
\4-9\ hold, then Hom £ (E, — ) ® R R induces an equivalence of categories between A4 £ and 
M R /kei{-® R E). 

Proof. This is an immediate consequence of ^01 Proposition III. 5]. □ 

The following is our main theorem, which generalizes [To! Theorem 3.2] and, as we will 
show in Section [17J Theorem 5.9]. 

Theorem 4.15. Let (L be an A-coring that is flat as left A-module. With notations as 
before, the following statements are equivalent 

(i) E is a Galois right C-comodule and a faithfully flat left R-module; 

(ii) — ® R S : M. R — > J\A € is an equivalence of categories; 

(Hi) E is a Galois right (t-comodule and — ® R E : M. R — > A4 s *®- rS is an equivalence of 
categories; 

(iv) E is a generator of A4 € such that the functor -®rS : A4 R ; — > A4 € is full and faithful; 



(v) E is a generator of .M £ such that the functor — ® R E : M. R — > A4 C is faithful and R 
is a left ideal of T . 
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Proof. HJ) =^> |HJ) If E is faithfully flat as a left .R-module, then the kernel of — ®r E is 
trivial. By Corollary 14.141 — E is an equivalence of categories. 

© =>• dHIJ) If — <8>i?S : M.r — > .M c is an equivalence, then its pseudo-inverse Hom^E, —)®r 
R is an equivalence and, by Theorem 14 .9| E is Galois, i.e., can : E* ®r E — > <Z is an 
isomorphism of corings. Then the induced functor CAN r : M.^ ® J?E — > _M £ is an equivalence 
of categories. This implies, in view of diagram (|4"5j) that — ® R E : — > A4 € is an 
equivalence. 

(jiuj) =>- du|) follows from diagram (|4*3j) . 

(JUJ) =>- (jlv|) Since i? is a generator for Mr, we get that E = i? ®k E is a generator of .M 2 . 
(jrvjl =>- (jvj) The unit of the adjunction (jHHj) is an isomorphism. This gives an isomorphism 

i2 = Hom c (S, R ® R E) ® R R S Hom £ (E, S) ®i? R = T ®i? 

which entails that every element in T ®_r -R is of the form HRVn{r s ) ®r s for some r £ R 
(notations as in In this way, the image of the multiplication map T ®r i? — > T is i?, 

that is, i? is a left ideal of T. 

(jvj) =>> (0) The forgetful functor _M £ — > M. a is faithful, which implies, under the hypotheses, 
that — <S>r E : A4r ; — » M.a is faithful. By Theorem 14. S)\ rL is flat and it is a Galois 
comodule. □ 

Let us return to the case where £ = E* ®r E. That (E* (g>_R E, #E) is Galois is not a 
surprise, even thought that it is not completely evident. 

Lemma 4.16. The homomorphism of A- corings can : E* ®r E — > E* ®r E zs the identity. 
Therefore, Y> is a Galois E* ®r H-comodule. 

Proof. By using (JJJ) and the definition of the coaction , we have 

can(0(8>/jx) = (f)(e r )(f r ®r x r 
= (pr ®r x r 
= (p ®r rx r 

□ 

In view of the Lemma \4.lti\ Theorem 14 . 1 51 has a relevant corollary. 

Corollary 4.17. Assume that the comatrix coring E* ®_rE is flat as a left A-module. The 
following statements are equivalent. 

(i) E is a faithfully flat left R-module; 

(ii) — ®r E : M.r — > 7\4 S *®« S is an equivalence of categories. 
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Remark 4.18. The statements of this section admit a reformulation in terms of the coring 
£t ®r £ defined in ()24|) . This claim is supported by Proposition 13.91 and Proposition 
14. 5| which provide the commutative diagram of homomorphisms of A-corings, with / an 
isomorphism: 

£* ® R £ (49) 




Example 4.19. Suppose E is a B - C-bicomodule, such that the following condition 
holds. Every finite subset of £ is contained in a B — £-subcomodule, say P, of £ such 
that P4 is finitely generated and projective and a direct summand of b£<£- If tt : £ — ► P 
is the corresponding projection and {(ej,e*)} C P x P* is a dual basis for P4, then 
e = e» e*7r G E Cgu E* is an idempotent such that e is P-central, e is an endomorphism 
of the £-comodule E, and e acts as a left unit on P. This situation is more restrictive 
than the one in Example 13.71 In case B = Z and € = A, it means exactly that £a is 
locally projective in the sense of Anh and Marki [Sj. As in Example 13.71 we can construct 
a comatrix coring E* ®r E, where R is a subring of E ®a S* generated by a bunch of 
idempotent dual bases for subcomodules of E, indexed by a set of generators of E. Each 
of this idempotents is an endomorphism of £<r, and, therefore, E becomes an R — £ 
bicomodule. This implies we can apply the results of this section to this situation. We 
can as well take for R the left ideal T generated by the idempotents, which would make 
this extra condition in Theorem 4.9 superfluous. One can prove that the conditions in this 
example are equivalent with taking E equal to a split direct limit of £-comodules that are 
finitely generated and projective. In this way, our results cover the ones of [TU] . 



5 Infinite Comatrix Corings 

Next, we will show that one of the constructions of the infinite comatrix corings of [TT] . 
and the most relevant results of [T7J Section 5] can be deduced from the theory developed 
here. With this purpose, let us start by reconsidering Example 13.61 There, E = ©p e pP for 
a set V of finitely generated and projective right A-modules. Write £* = Q)pepP*- We see 
that £t = E* ®k R is isomorphic, as an A — P-bimodule, to E*. In fact, for every P e V, 
we have an isomorphism of left A-modules P* = £t <S>r R that sends <fi onto <f)7Tp ®^ up. 
This set of isomorphisms defines an isomorphism of A — P-bimodules h : E' — > £* which, 
for its part, induces the isomorphism of A-bimodules 

h ® R E : E f (g) R E -> E* (g) R E (50) 

The structure of A-coring of £t ®_r £ given in is obviously transferred via h (E)r £ to 
£* ®_r, £. In £* ®_r £ we have that (3r x = for every e P* and x G Q, whenever 
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P 7^ Q (see jTTl page 2032]). Therefore, those elements obtained as sums of x, where 
(j) G P* and x G P, exhaust E* ®_r E when P runs V. The comultiplication A* of E* <S)r S 
is then determined by 

A*(0 ® fl x) = ^ ® fi e ap ® A < p ® fi x {<f)e P*,x e P,P eV), 

in concordance with the structure given in Proposition 5.2]. The isomorphism of corings 
(|5U|l induces an i? — E* ®r E-bicomodule (resp. a E* g) R E — i?-bicomodule) structure 
on E (resp. E*). In resume, in virtue of Proposition 13.91 and the foregoing remarks, the 
statements of Section H] have some consequences on the coring Et ®r E (or equivalently, on 
E* <S>r E) which complete the theory developed in (TZJ Section 5]. We will give the most 
interesting of them. 

Let V be a set of right comodules over an A-coring £, and define E = ©p eP P. Consider 
the ring T = End(E c ) and its (non unital) subring R = Q)p,Q£vitpTiiQ. When each P G V 
is finitely generated and projective as a right A-module, then we have the A-coring E^®_rS 
and the homomorphism of A-corings can^ : E^ ®_r E — > £. On the other hand, it is not 
difficult to prove that pR is flat and that R is a left ideal of T. We are then in the 
hypotheses of Theorem 14.91 

Theorem 5.1. Let E = (BpevP o, right comodule over an A-coring €, where V is a set of 
right (£- comodules that are finitely generated and projective as right A-modules. Consider 
R = ® P Q e -pUpTuQ, where up is the idempotent of T = End(C e :) "attached" to P. The 
following statements are equivalent. 

(i) Homj(S, — ) : .M £ — > Aip is a full and faithful functor; 

(ii) Honi£(E, — ) ®_r R '■ -M £ — > M.p is a full and faithful functor; 

(Hi) — D^Et : Ai^ — > M.r is a full and faithful functor; 

(iv) E is a Galois right £-comodule and the canonical map gives an isomorphism 
(iVU c £+) ® fl S = iVn e: (E t ® R E) for every right £-comodule N; 

(v) E is a Galois right <£-comodule and — £g>_R E preserves the equalizer eq N ^ for every 
right <£-comodule N. 

Assume that £ is flat as a left A-module. Then the foregoing statements are equivalent 
to each of the following. 

(vi) E is a Galois right <£-comodule and a flat left R-module; 

(vii) V is a set of generators in the category Ai € ; 

(viii) Hom^E, — ) : A^ £ — > M.p is a full and faithful functor. 

The main result of [[17] Section 5] is a consequence of our general theory. 
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Theorem 5.2. \F\ Theorem 5.7] Let V be a set of right comodules over an A-coring 
and consider E = (BpevP- Let R = Q)p<=pUpTuQ, where T = End(S £ ), as before. The 
following statements are equivalent 

(i) a£ is flat and V is a generating set of small projectives for Ai € ; 

(ii) a£ is flat, every P G P is finitely and generated and projective as a right A-module, 
can''" : £t ®r £ — > £ is an isomorphism, and — ®p S : J\A s ^ rT; : A4p — > .M £ is an 
equivalence of categories; 

(Hi) every P G V is finitely generated and projective as a right A-module, can''" : E^®^E — > 
<£ is an isomorphism, and #E is faithfully flat; 

(iv) a<Z is flat and — ®p S : M.r — > .M 6 " an equivalence of categories. 

Proof. This is a consequence of Theorem I4.15[ after the following observation: from (i) it 
follows that every P G V is finitely generated and projective as a right A-module, as it is 
proved in ^7J Theorem 5.7]. □ 



6 Comatrix corings applied to rationality properties 

Let € be an A-coring with counity e^. The left dual *<£ = Houu^C, A) has the structure 
of an A-ring with multiplication 

/ * 9(c) = </(C(l)/(c (2 ))) (51) 

and unit map 

i : A — > *(£, <-(o)( c ) = £c(c)a, 
which induces an A-bimodule structure on *£. given by 

(/a)(c) = /(c)a, (af)(c) = f(ca). (52) 

Every right C-comodule M is has also a right *£-module structure given by 

m- f = m[o]/(mp.]), 

for all m G M and / G *<£. If £ is locally projective as a left A-module, then we can partially 
converse this last property and study rational *£-modules |2JE|- For any M G M.*^ we 
denote by M rat the rational submodule of M. This is given by 

M rat = {me M | 3mi G M, q G £, s.t. m • / = m f /( C! ),V/ G *£}, 

in this case M rat is a right C-comodule with coaction given by 

p(m) = m [0 ] ®a mm iff m • / = m[ ]/(mm), for all / G *<£. (53) 
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By lZA4*<r we denote the full subcategory of M.*£ consisting of all rational submodules. 
There exists an isomorphism of categories 



M € = TIM*£ (54) 

Recall from [21 H3 that *£ rat is a ring with right local units if and only if it is a dense 
subset in the finite topology of *£. In this situation, *£ rat has also right local units on 
every right C-comodule M. It is clear that € G M*^t and *<£ rat G *<£ rat .M and by the 
presence of local units, both are firm *(£ rat -modules. In this situation the isomorphism of 
categories (JH4*|) can be extended with an equivalence 

M € = 1ZM*<£~ M { *<ry,t, (55) 

where Ai*<na.t denotes the category of firm right *£ rat -modules, which means in this situation 
that *£ rat acts with right local units on them. The aim of this section is to show that the 
composed equivalence Ai € ~ M. be obtained by use of Galois comodules. 

Consider as before the A-coring € which is locally projective as left A-module. 

Lemma 6.1. The following equation holds for all c G € and f G *£ rat 

C(i)/(c( 2 )) = /[o](c)/[i] (56) 

Proof. Let {e^, fi} be a local final dual basis for both C(i)/(c( 2 )) and /[o](c)/[ij. Then 

/[o](c)/[i] = ei/i(/[o](c)/[i]) 

= e i /[o](c)/ i (/[i]) fi left A-linear 

= e^uf^mc) m 

= ei(/*/i)(c) (El 
= e^(c (1) /(c {2) )) flEEJ) 

= C (1 )/(C( 2 )) 

□ 

Theorem 6.2. TTie n<?/it coaction on *£ rat ; given by 
zs a homomorphism of rings. 

Proof. The multiplication on *£ rat is induced by (151)1 . The multiplication on *£ rat ®^ £ is 
defined as usual by 

(/ ®a c) -(g®Ad) = f ® A g(c)d. 

We can compute 

P(f*9) = (f*9) [o] ® a (/ * #) [i] 



/*S[o]®A<7[i] [H Prop. 5.1] l " ; 
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and 

p(f) ■ p{g) = (/[o] ®a f[i]) ■ (g[o) ®a 9[i]) / 5g s 

= /[O]0[O](/[1]) ®A9[1] 

Furthermore, / * g [0] (c) = g[o]{c {l) f{c 2 )) and 

(/[O]0[O](/[l]))(c) = /[O](c)0[O](/[l]) = »[0](/[0](c)/[l]). 

Finally, using (|55jl. we find that the right hand sides of (joT|) and (|58|l are equal and thus 
p is indeed a homomorphism of rings. □ 

From now on, we will restrict ourselves to the situation where *£ rat is a ring with right 
local units. 

Now we can apply the results of Section|3]and construct a comatrix coring (L®*^^ *£ rat . 
The comultiplication and counit are given respectively by 

A : € ® R *£ rat -f £ ® R *£ rat «u £ ® R *e at 

c®nf ' * c Or /[o] ® a /[i] ®i? e 
e: £®R*£ rat -> A 

c®r/ i-> /(c) 

where e is a right local unit for / and we denote R = *(£ rat from now on, if we concern only 
its ring structure. 

The canonical map is given by the map of 16.11 : 

can : £ ®r *£ rat -> £, can(c ®r /) = f [0] (c)f m (= c (1) /(c (2) ) ), 

and has an inverse that reads 

can" (c) = c ®r e, 

where e G R is a local unit for c (i.e. c • e = c). Remark that this isomorphism is nothing 
else the firmness isomorphism £ = £ ®r i?. 

We will now apply the results of Section 0] The Galois comodule *£ rat induces a pair 
of adjoint functors given by 

M R , =^M € (59) 

Hom £ (*C rat ,-)® fl -R 

The general theory makes use of the module £t = S* ®r i?. In our situation, we have 
the following 

Lemma 6.3. With notations and conventions as before, the following holds, 

*£rat t = Hom A (*(r at , A)® R R= £ 
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Proof. Take <p <g> R r G HoniA(*£ rat , A) ® R R then we define a((p ® R r) = y( r [o]) r [ 1 ]> and 
conversely we define for all c G €, (3(c) = ip c ®r c where e G -R is a right local unit for c 
and ip c is defined by ip c (f) — /(c) for all / G *£ rat . Then we can check 

a o (3(c) = e [0 ](c)e [ i ] 

= c (1) e(c (2) ) © 
= c ■ e = c 

and 

(3 o a(ip(g) R r) = W(Ho])Hi] ®- r e ( 60 ) 
where e is a right local unit for <p(no])Hi] and thus also for r. Let us first compute 

^(r [0] )r [1] (/) = /(¥?(no])ni]) 

= ^( r [o])/(r W ) = ip(r [0] f(r {l] )) 

= (p(r * f) = (<p ■ r)(f) 

We can now go on with (j60|) . 

(3oa((p® R r) = (f-r® R e 

= (p <g> R r ■ e = (p ® R r. 

□ 

Since the existence of local units in R implies that R R is flat, by Theorem 4.4 and the 
previous lemma, 

Hom £ (t rat , -) ® R R ~ -n c £, 

however, let us give the isomorphisms of this equivalence for completeness sake, they are 
very similar to the ones in the proof of Lemma 16.31 Take M G M £ then 

a : Hom £ (*£ rat , M) ® R R -> MD £ £ S M, 

is an isomorphism where for all ip (B)r r G Hom£(*(£ rat , M) ®i? -R, m G M, a(y> <g> r) = </?(r) 
and a _1 (m) = ^ <g) e, where ip m (f) — m • / for all / G -R and e is a right local unit for m. 

It follows now that the pair of adjoint functors induced by the Galois comodule *£ rat 
is can be written as 

-®rR 

M R ^- ' A4 £ 

-O e £ 

Since M (g)# R = M for every firm right i?-module M and iVDcC = iV for every right 
^-comodule N, it is clear that these functors constitute the same equivalence of categories 
as mentioned in the beginning of this section. 
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7 Appendix: Flat modules over firm rings 



In this section we will always consider R to be a firm ring. Our aim is to generalize some 
well-known facts about flat and injective modules over unital rings to the situation of firm 
rings. Our treatment is an adaptation of the one given in [2E1 Chapter I, Section 10]. 

Recall that Mis called an injective right -R-module if and only if M is an injective object 
in the category M.r, which translates to the the fact that for every injective morphism 
i : N —>■ N' of right -R-modules, the induced map Komn(N', M) — > Hom^iV, M) must be 
surjective. 

Proposition 7.1. A right R-module E is injective if and only z/Hohir(.R, E) — > Hom(J, E) 
is surjective for every right ideal I of R. 

Proof. In one direction the statement is trivial. For the other way, we start from a 
monomorphism a : L — > M and any morphism (p : L — > E. Consider the set 

M = W : U -> E | L C U C M, s.t. (f' extends <p}. 

We can equip M. with a partial order, defining <p' < p" if and only if p" is a further 
extension. 

Take a totally ordered TcM and put L = YIl'gt-L', an d define <p : L — > E by the 
condition tp(l) = <p'(l) for I G V G T. In this way we find an upper bound for every totally 
ordered TcM and by the Zorn's Lemma, this implies the existence of a maximal element 
ipo : Lq — > E in .M. We have finished if we can prove that Lq = M. 

Suppose there exists a x G M, i ^ L , we show it is possible to extend po to ip : 
Lo + xi? — > £/, from which the contradiction follows. Put I = {a G R \ xa G Lo}, then 
/ is a right ideal in R. Define /?:/—> E,j3(a) = ip (xa). By hypothesis, there exists a 
Pn : R ^ E, extending /3. For all z G L and a G R, we define + xa) = v 3 o(- 2; ) + V 9 -R( a )- 
To see that ?/> is well defined, suppose z + xa = z' + xa' then 2; — = x (a' — a) and we 
find a' — a & I. By definition of <pr we get then ip (z — 2/) = (/?o(x(a / — a)) = ^(a' — a) 
and thus ^(2; + xa) = po(z) + <pr(o) = po(z') + pR^a') = ip(z' + xa'). 

Finally, ip is right i?-linear and clearly it extends (po, which ends the proof. □ 

Proposition 7.2. Consider F an R — B-bimodule, where B is a unital ring, and let E 
be an injective cogenerator for Mb- Then F is flat as a left R-module if and only if 
Hohib(F, E) is injective as a right R-module 

Proof. The proof is identical as in the classical case, since it makes no use of units at all 
(see e.g. j2H]). □ 

Corollary 7.3. A right R-module F is flat if and only if F = Hom^(-F, Q/Z) is injective 
as right R-module. 

A right ideal I of R is said to be of finite type if I = Ra± + • • ■ + Ra n for some 
Oi, . . . , a n G R. 
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Proposition 7.4. A firm left R-module F is flat if and only if the multiplication map 
ix i : / ®r F — > F is injective for every ideal of finite type I of R. 

Proof. If F is flat, the statement is clear, so we only prove the other implication. Suppose 
that hi is injective for every right ideal I of finite type of R, then it is also the case for 
all right ideals J of R. Indeed, take fj <8> Vi G J ®r F and let = r^Si be given by the 
equality R 2 = R. If we denote by I = J2 r i 1 ^ which is of finite type, then the following 
diagram is commutative and /xj is injective, 




It follows that ixj(ri <g> y t ) = O /xi(ri ® — ® %ji 
Now we will construct a commutative diagram 

Hom^F) — Rom R (J,F) 



0, so lij is injective as well. 



J® R F 



where, for any M, we define M = Homz(M, Q/Z). For all <3> G Hohir(F, F) we define 
define a($>)(y) = $(r)(y r ) for all y G F. Conversely, we define a^ 1 (^/)(r)(y) = ^(ry) for 
all ^ G F, r G R, y G F. One easily computes 



a o a 



-i 



my) 



a 1 o a($)(r)(y) 



a -1 (*)(0(i/ r ) 
a($)(ry) 

$(s)((ry) s ) = $(r)(y). 



In the last step, we used the F-linearity of <3> together with s <S)r (ry) s = r ® R y, which 
is based on the unique expression of the element ry mapped trough the isomorphism 
du '■ M — > R®rM. Analogously, define /3(a®Ry) = <£>(ar)(y r ) for every $ G Hom R (J, F) 
and a <S)r y G J <8>_r F, which is shown to be an isomorphism analogously to the case of a. 

Since fxj : J <S> F — > F is mono and Q/Z is injective, 5, which is the dual morphism of 
Lij must be an epimorphism and by the diagram, 7 is also epi. It follows from Proposition 
17. II that F is injective and thus F is flat by Corollary 17.31 □ 
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